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We consider electromagnetic emission from a Josephson junction (JJ) in a resistive state in an external
magnetic field and derive the radiation power from the dielectric layer inside a JJ directly into outside
dielectric media. Matching the electric and magnetic fields at the JJ edges, we find dynamic boundary
conditions for the phase difference in JJ. We find that the fraction of the power transformed into radiation
is determined by the dissipation inside the JJ. It tends to unity as dissipation vanishes independently of the
mismatch of the junction and dielectric media impedances.
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Renewed interest in electromagnetic radiation from
Josephson junctions (JJs) is motivated by two independent
recent developments. First, intrinsic JJs in layered super-
conductors have been proposed as a source of electromag-
netic radiation in the terahertz frequency range [1].
Experimentally, radiation from the high-temperature su-
perconductor Bi2Sr2CaCu2O8 was detected by
Hechtfischer et al. [2] only at relatively low frequencies,
7–16 GHz. Therefore, it would be interesting to estimate
the possible radiation power in such a system at higher
frequencies and find the optimal conditions for generation.
Second, there is the prospect of using a single JJ in the
quantum regime as a qubit for quantum computation [3],
which requires long decoherence times. Radiation into free
space limits decoherence time in this system. For both the
above cases direct radiation from the dielectric layer inside
JJ into outside dielectric media is important. In addition to
such direct radiation, there may also be radiation from the
external part of the circuit containing JJ (load). For this part
JJ plays the role of oscillator providing ac current. Such an
indirect radiation from a load induced by JJ was in the
focus of many studies; for a review see, e.g., Ref. [4]. A
mathematical description of JJ with the capacitively
coupled load was discussed in Ref. [5]. In the following
we discuss only the direct radiation important for problems
outlined above and we ignore radiation and dissipation in
the external part of the circuit. Though the study of radia-
tion from Josephson oscillations has a long history, little
attention was paid to such direct radiation.

In the case of a single JJ, weak radiation from flux flow
directly into the waveguide with the power P rad �
10�12 W was detected a long time ago [6,7] soon after
the prediction by Josephson. It was understood [8] that flux
flow induces electromagnetic (Swihart) waves inside a JJ,
and they are partially transmitted outside when they hit the
JJ edges. From measurements of the current-voltage (I-V)
characteristics, Langenberg et al. [7] found the power P �
IV fed into the junction and the power conversion effi-
ciency, Q � P rad=P � 10�5. It was argued that Q is
mainly determined by a ratio of the impedances of the JJ
modeled as a strip line and the waveguide [7,9]:

 QZ � �32�d="iw
2�1=2; (1)

where � is the London penetration length of the super-
conducting leads, d is the thickness of the insulating layer,
"i is its dielectric constant, and w is the junction width.
Equation (1) gives QZ � 10�5 for the studied junction in
agreement with the experimental value. Thus the low
radiation power from JJ was attributed to the mismatch
between the impedances of the junction and the waveguide.
To the best of our knowledge, neither deeper theoretical
treatment of direct radiation nor quantitative analysis of
experimental radiation from JJ directly into the dielectric
media was made after that. On the other hand, significant
progress has been made in the practical extraction of JJ-
generated microwave power into waveguides and striplines
so that it became possible to use Josephson oscillators in
high-frequency devices; see, e.g., the recent review [10]
and references therein.

Meanwhile, the impedance-matching approach in its
simplest and most common form [9] implicitly assumes
that the electromagnetic wave propagating inside JJ has
only one attempt to escape decaying before the reflected
wave reaches another edge. This approach is satisfactory
only in the case of JJ with a high level of dissipation. At
low dissipation rate reflections lead to the formation of
almost standing Swihart waves inside a JJ. In this case Q
strongly depends on the dissipation and approaches unity
as dissipation vanishes. Then the question turns out to be
what are the limitations on P rather than onQ. For that, the
electromagnetic field should be expressed via the phase
difference �’ and equations for �’ should be solved.

On the other hand, standard analysis of transport prop-
erties of finite-size JJs uses the sine-Gordon equation for �’
and zero-derivative boundary conditions for the oscillating
phase at the edges [9,11,12]. For such boundary conditions
direct radiation is absent.

In this Letter we reconsider this problem and derive the
power of direct radiation from a single JJ in the classical
regime. Our rigorous approach is based on the solution of
the Maxwell equations inside the superconducting leads
and in outside space, which allowed us to find ac electric

PRL 97, 267001 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
31 DECEMBER 2006

0031-9007=06=97(26)=267001(4) 267001-1 © 2006 The American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.97.267001


and magnetic fields in terms of �’. Then we formulate an
accurate dynamic boundary condition for the oscillating
phase inside the JJ. Next, we solve analytically the equa-
tion for �’ with dynamic boundary conditions in the linear
regime and find the radiation power.

To derive direct radiation due to Josephson oscillations,
one has to match oscillating fields inside the junction and
in the superconducting leads with the wave solution out-
side the JJ. We consider a JJ with the length l� � located
at �l < x < 0 and bounded by a dielectric with dielec-
tric constant "d; see Fig. 1. The strength of the coupling
in the JJ is characterized by the Josephson current den-
sity Jc and related parameters: the Josephson length

�J �
��������������������������������
c�0=�8�

2�Jc�
p

and plasma frequency !p ������������������������������������
8�2dcJc=�"i�0�

p
, where � � 2�� d. We consider the

simplest situation when the JJ width along the z direction,
w, is much larger than both �J and the wavelength of the
outcoming electromagnetic wave. We consider the JJ in
resistive state and assume that its phase �’ oscillates with
the Josephson frequency ! generating oscillating electric
(Ex and Ey) and magnetic (Bz) fields inside the JJ and in the
superconducting leads. Our task is to find spatial distribu-
tion of these fields and match them with outside fields to
find the equation and boundary conditions for �’.

We first derive the equation for the oscillating magnetic
field inside the superconducting leads. We use a complex
representation for the oscillating fields and phase, e.g.,
�’�x; t� � h �’�x; t�it �

P
!>0Re	 �’!�x�e�i!t
, where h. . .it

means time average. The phase gradient is connected
with the magnetic field inside the junction and supercur-
rents flowing along the junction at the opposite sides as

 rx �’ � �8�2�2=c�0�	Jx� � Jx�
 � 2�dBz=�0: (2)

From Maxwell equations, the material equation for super-
current, J � �c=4��2�	��0=2��r��A
 � �qE, the
London relation for the electric field, E �
��4��2i!=c�J, and Eq. (2), we derive the following
equation for the oscillating magnetic field inside the leads
(� l < x < 0) at d� �:

 �r2
x �r

2
y�Bz�!� �

Bz�!�

�2
!
�

�0

2��2

@ �’!
@x

��y�; (3)

where ��2
! � ��2 � 4�ik!�q=c� �sk2

! with k! � !=c.
We ignore small contribution to the magnetic field from the
dc current flowing via the JJ. The total ac electric field
inside the JJ is composed of the field inside the dielectric
layer and the field inside the leads,

 Ey�!; x; y� � �
i!�0

2�c
�’!�x���y� � i�

2
!k!rxBz�!; x; y�:

(4)

The boundary condition for �’!�x� follows from the bound-
ary condition for the electric field, �i!	"dEx��0; y� �
"Ex��0; y�
 � 4�Jx��0; y�. As Ex��0; y� �
�i!�4��2=c2�Jx��0; y�, we obtain

 4��1� "k2
0�

2�Jx��0; y� � �i!"dEx��0; y�: (5)

As the electric field Ex��0; y� is continuous at y � 0, this
means that Jx�0; y� also must be continuous and from
Eq. (2) in the limit d� � we obtain

 rx �’!�0� � rx �’!��l� � 0: (6)

We can represent the solution of Eq. (3) near the edge

x � 0 as [c �
�����������������������������
�x x0�2 � y2

p
=�!]

 Bz�!; r� � Bb�!; r� �
�0

�2���2
Z 0

�1
dx0rx0 �’!�x0�

� 	K0�c�� � K0�c��
; (7)

where K0�z� is the modified Bessel function and Bb�x; y� is
the solution of the homogeneous equation �r2

x �r
2
y�Bb �

��2
! Bb � 0, with the boundary condition Bb��0; y� �
Bz��0; y�. As a function of x, Bb�x; y� decays at a distance
�� from the boundary. For its Fourier transform along the
y direction, we obtain [�x�ky� � ���2

! � k2
y�

1=2]

 Bb�!; x; ky� � Bz��0; ky� exp���x�ky�jxj�: (8)

Using the Maxwell equation rxBz � �i!"i=c�Ey �
�4�=c�Jy, the Josephson relation Ey�x; 0� �
�i!�0 �’!�x�=�2�cd�, and Eq. (7), we find the nonlocal
equation for the oscillating phase
 �
!2

!2
p
� �t

i!
!p

�
�’!�x� �

�2
J

��

Z 0

�1
dx0rx

�
K0

�
x� x0

�!

�

� K0

�
x� x0

�!

��
rx0 �’!�x

0� �
crxBb�x; 0�

4�Jc
� s!�x�; (9)

where s!�x� is the complex amplitude of the oscillating
Josephson current, sin	 �’�x; t�
 �

P
!>0Re	s!�x��

exp��i!t�
, and �t � !p�t�0=�2�Jccd� is the damping
due to the tunneling quasiparticle conductivity. A similar
nonlocal equation has been derived by Gurevich [13].

At this stage we have coupled Eqs. (7)–(9) for Bz�!; r�
and �’! with boundary conditions (6). To solve them, we
need additional boundary conditions for Bz�!; r�. The
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FIG. 1 (color online). A finite-size Josephson junction opened
into free space at both edges. The dc magnetic field H0 is applied
along the z axis. Arrows show radiation from the dielectric layer
inside the junction. Ellipses illustrate the moving vortex lattice
and ‘‘arrowed’’ lines show the screening currents inside the
superconducting leads.
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problem can be strongly simplified in the case ���J. In
this case at jxj�� nonlocality is not essential and Eq. (9)
can be reduced to the usual local approximate equation,

 

�
!2

!2
p
��t

i!
!p

�
’!��2

J

�
1��q

i!
!p

�
r2
x’!� s!�x�; (10)

where �q � 2��2!p�q=c2 is the dissipation due to qua-
siparticles inside the superconductor. Near the boundary
the situation is more complicated because, in addition to a
smoothly changing part, the phase has a component decay-
ing at distances of order � from the boundary. This extra
phase is smaller than the smooth phase by the factor �=�J
but it has a comparable derivative. To derive the boundary
condition for the smooth phase ’!�x�, we integrate Eq. (9)
from intermediate distance �xi with �� xi � �J up to
the boundary x � 0. Neglecting small terms proportional
to xi and Bb��xi; 0� [for Bz�0; y� � �0=�4��2�], using
local approximation at x � �xi, we obtain the boundary
condition for ’!,

 rx’!�0��rx �’!��xi���
�
�!

4��
�0

Bz�!;r�0�; (11)

instead of Eq. (6) for the total phase. Equation (11) allows
us to reduce the problem to the solution of local Eq. (10)
for the smooth phase with modified boundary conditions
and avoid solving the exact integral equation for the total
phase, Eqs. (6) and (9).

Now we express Bz�!; r � 0� via ’!. From Eq. (4)
follows the relation between boundary fields and ’!,
 

Ey�!;0;ky�� i�2
!k!�xBz�!;0;ky���ik!�0=2��

�

�
’!�0��

�2
!

�2

Z 0

�1
exp��xx�rx’!�x�dx

�
:

(12)

As rx’!�x� � ’!�x�=�J the integral term in Eq. (12) is
smaller than ’!�0� by the parameter �=�J and we neglect
it in the following. The relation between the electric and
magnetic field at the boundary is determined by properties
of outside media. For dielectric media in the situation
wk! � 1 the outside fields are z independent. Assuming
no incoming electromagnetic wave and using Maxwell
equations, we derive the relation between the field
Fourier components at the boundary

 Bz�!; 0; ky� � 	�!; ky�Ey�!; 0; ky�; (13)

 	�!; ky� �

8<
:
jk!j"d=

����������������������
"dk

2
! � k

2
y

q
; for jkyj<

�����
"d
p

k!;

�ik!"d=
����������������������
k2
y � "dk

2
!

q
; for jkyj>

�����
"d
p
jk!j:

Here the upper (lower) part of 	�!; ky� corresponds to the
case of propagating (decaying) electromagnetic wave in-
side the dielectric. Equations (12) and (13) allow us to
obtain the boundary fields in the typical case 	�2

!k!�x �
�!=c� 1 accounting only for the direct radiation coming

out of a very narrow dielectric layer with thickness d, i.e.,
for Ey�0; y� / ��y�,

 Ey�!; 0; ky� �
Bz�!; 0; ky�

	�!; ky�
� �

�0

2�
ik!’!�0�: (14)

Within this approximation, the magnetic field at the junc-
tion edge which determines the boundary condition (11) is

 Bz�!; r � 0� � �
�0

2�
ik!’!�0�Z�!�; (15)

 Z�!� �
"djk!j

2
� i

"dk!
�

ln
�=d�����
"d
p
jk!j

:

Finally, we obtain the boundary conditions for the smooth
oscillating phase at both edges in a finite-length JJ:

 rx’!�x� � 2i�k!Z�!�’!�x�; for x � 0;�l: (16)

Direct radiation to the right is given by the Poynting vector,

 P rad �
wc
4�

Z d=2

�d=2
dyhEy�0; y; t�Bz�0; y; t�it

� �"dw!
3�2

0=64�3c2�j’!�0�j
2: (17)

In addition, the oscillating current flowing along the lead’s
edges away from the JJ may induce oscillating charges in
the external circuit which will lead to additional (indirect)
radiation. The effect of the external circuit is also described
by the term of the type Ze�!�’! in the right hand side of
the boundary condition (16) [5]. An important point is that
effects of both external circuit and of direct radiation add in
the boundary condition because the Maxwell equations are
linear and this allows us to describe them separately.

Now we solve analytically Eq. (9) neglecting the effects
of the external circuit and using the perturbation theory
with respect to the Josephson current [11,12] in the limit
b� ~!, 1 [14]. Taking the solution as ’�
; u� �
~!
� bu� ��
; u� with ��
; u� � 1 and expanding
sin	’�
; u�
, we see that �!�u� � �� ~!; u� obeys Eq. (10)
in reduced form with s! � �eibu=i,

 	r2
u � ~!2 � i ~!��t � �sr2

u�
�!�u� � �eibu=i: (18)

Solution for �� ~!; u�, given by �!�u� � e�ibu=�ib2� �
a1e

ip!u � a2e
�ip!u, describes the moving vortex lattice

(the first term) and reflected Swihart waves propagating
to the right and left. Here p! � ~!� i�=2, where � �
�t � �s ~!2. Finding a1 and a2 from the boundary condi-
tions, Eqs. (16), we obtain
 

�!�0� � 	cos�p!~l� � exp��ib~l�
=� ~!bD�; ~l � l=�J;

�!��l� � 	1� exp��ib~l� cos�p!~l�
=� ~!bD�; (19)

where D � sin� ~! ~l� � i��� �~l=2� cos� ~! ~l� and � �
d"d ~!=�"i�J�. We kept only the Fiske-resonance terms and
neglected Im	Z�!�
, which only slightly shifts resonance
positions. Radiation to the right and left, P r;l

rad� ~!; b�, is
determined by the values j�!�0�j2 and j�!��l�j2. At low
dissipation, �~l� 1, we derive
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P r;l
rad �

�2
0!!

2
pw

64�3c2b2

1� 2 cos�b~l� cos� ~! ~l� � cos2� ~! ~l�  

jDj2
;

� 2��~l���	1� cos�b~l� cos�!~l�
=b: (20)

The radiation reaches a maxima at frequencies ~! � ~!n �

�n=~l with n � 1; 2; . . . . The resonance width is deter-
mined by both the dissipation �~l and by direct radiation
�. The perturbation theory is valid in resonance for
j�!�0�j � �b�~l ~!��1 < 1 and the radiation power in this
linear regime is small, e.g., P rad=w & 10�6 �W=cm for
� � 10 GHz.

Next we derive the dc current at voltage V �
�0!=�2�c� and estimate Q accounting for direct radiation
only. The current I via a JJ is given by the tunneling
quasiparticle contribution, It � �tVlw=d, and the
Josephson current contribution,

 Is�!� � Jc�Jw
Z 0

�~l
duhcos� ~!
� bu���
; u�i
: (21)

The latter contribution consists of the dissipation and radi-
ation parts Is� Is;dis�Is;rad. The radiation part plays the
same role as dissipation because in both cases energy is
transferred from the moving vortex lattice to other degrees
of freedom (to photons in the case of radiation). In the low-
est order in �=�J � 1 at the resonance frequencies we get

 Is;dis �
�"i!pl

2"d!d
Is;rad �

�0cw�~lsin2�b~l=2�

32�2��Jb
2 ~!jDj2

: (22)

Losses due to direct radiation are equivalent to those
caused by a resistor with Rw � 2�=�"d!� attached paral-
lel to a JJ (Rw � 90 � cm for "d � 1 and � � 10 GHz).
The power fed into the JJ is P � IV. Part of it, �It �
Is;dis�V, is dissipated inside the JJ, while another part,
Is;radV, is radiated. Neglecting the nonresonant part, It,
we obtain for the radiated fraction Q � P rad=P ,

 Q�
r

1� r
; r�

Is;rad

Is;dis
�QfN ; Qf�

2"dd!
"i�J!p

: (23)

Here N � 1=�~l is the number of reflections before the
Swihart wave decays inside the JJ. For radiation into
waveguide at wk! � 1 we get Qf � QZ and our result is
larger than that given by Eq. (1) by the factor N . As
dissipation inside the JJ decreases (�t and �q drop), N
increases. In the linear regime b�~l ~!>1, we get N < b ~!.
Because of the limitation b < �J=� we obtain Q &

�d=�� ~!2 � 10�2�!=!p�
2. Hence, Q may become of order

unity in the linear regime. Nevertheless, the radiation
power per unit width, P rad=w, given by Eq. (17), is always
small in this regime because the condition j�!j & 1 also
restricts the power fed into the JJ. The open question is
whether it is possible to get j�!j � 1 and larger P rad in
strongly nonlinear regime when dissipation is very low. To
answer this question more numerical studies are needed.

In conclusion, we derived the dynamic boundary con-
ditions for the oscillating phase in a single JJ which ac-
count for direct radiation from the dielectric layer inside JJ
into dielectric outside media. We computed the power of
direct radiation in the linear regime of Josephson oscilla-
tion when effect of external circuit may be ignored. In this
regime the power conversion efficiencyQ is determined by
the number of multiple reflections (i.e., dissipation rate
inside the JJ) and the transmission coefficient Qf from a
JJ into free space. Even if Q! 1, radiation power per unit
width of the JJ remains small in the linear regime.
Theoretical limits of the radiation power for large phase
oscillations, in the nonlinear regime, can be obtained only
by numerical simulations. Controlled measurements of
direct radiation from the junctions with the lowest possible
dissipation are needed to establish real limits on the radia-
tion power from a single JJ.
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